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ᮊ 1997 Academic Press w x This is a paper that succeeds 6 . Throughout this paper, Hopf algebras mean graded commutative co-associative Hopf algebras over a field K, Ž . R,d is the cobar complex for a Hopf algebra H, that is, the elements of w < < < x R have the form a a иии a with a g H, and the differential is defined < < with the concatenation product. We use и to denote the cohomological 5 5 degree of R and и to denote the resolution degree. To simplify the notion, we omit the product of R and all module actions. w x Note that the Massey-product defined in 6 may be defined on any DGA-module over a given DGA with unit that satisfies 1 and 2 of Lemma w x 2.1 in 6 , but such a Massey-product will not satisfy 2 of Theorem 2.1 in w x 6 . For the same reason, although the S-module may be defined when Ž . Ž R,d is a DGA as above and has a higher homotopy S needed in the 2 . proof of Lemma 2.1 , we do not generalize here.
The purpose of this paper is to study some new properties of the w x Massey-product defined in 6 . These properties are Theorems 3.1 and 3.2. The interesting point here is that although these properties totally depends Ž . on the properties of the complex R, d itself, if we focus on the definition w x of the Massey-product only as we did in 6 , the analogous proof is too complicated to realize. Therefore, we must regard this Massey-product as an obstruction for a class of elements to be a cohomology class in a chain Ž . complex that has R, d as a subcomplex. This ''larger'' chain complex is just the S-module.
S-MODULES
In this paper, all modules are bigraded bimodules over an algebra over the field K; that is, if M is a module over A, then there is a left action
ma, then the module is called symmetric. 
R.

EXAMPLES OF S-MODULES
such that as a left module over R it is freely generated by 1 and x, dx s b, and for all a g R,
w x where S is the homotopy for R itself as defined in 6 .
where S is as above and S is the homotopy for R that satisfies for all 2 x, y g R, Ž . Extend S to E b by 3 of Definition 1.1 and it is easy to check that this
We call E b the exterior S-module we call it S-algebra if x s 0 does R . not cause contradiction over R generated from b and we define the exterior S-module over R generated from b , b , . . . , b to be
where m means m .
R
Now let
and let P b s [ T . Then m makes P an algebra over R, so we have
bra of P b modulo the ideal generated by 1 m x y x, x m 1 y 1, and 1 m 1 y 1.
We call this algebra the polynomial S-algebra over R generated from b and define the polynomial S-algebra generated from b , b , . . . , b to be
R
We have a reason to give them such names. Suppose H is a sub-Hopf 1 algebra of H , a Hopf algebra over the field of integers modulo a prime p. . w x simpler , where P is the polynomial algebra. Then by 7 we havẽ˜˜˜˜H
here E is the exterior algebra, P is the polynomial algebra, and h and b 
cohomology of C is still too hard to compute. We will not discuss this complex in this paper. -product a; b , b , . . . , b . Now we will 1 2 n prove some of its properties when a g R. All the corresponding definitions w x are defined as in 6 . Particularly, we use u to denote a given element such that du s u.
For a, b g R, da s 0, db s 0, i s 1, 2, . . . , n, we define a class of
, and S S Ј 1, . . . , n are defined as in 
. . , b in its standard form and we will see by induction that to 1 2 n cancel the term cx иии x
with 0 F i -иии -i F n, s -n are trivial and 
where u , u g R. Now writing z z y u z y z u q u u in its standard Proof. We define the S-module
, and define elements in
. . , u ¬¨, . . . ,¨, and , S S Ј are as defined in 6 .
Write u x u in its standard form as in the proof of Lemma 2.2.
Then we get u x u 1 mq1 2
. . , j and 
Ž . n y S S , , Ј , S S are as above, and Ј, иии g R. Thus is as defined in Lemma 2.2.
2 mqn
It is easy to check that there is an element z in its standard form
Ž .
Notice that the second term in the parentheses is another given Ž . where E is the exterior algebra and we continue to use x to denote its Now let H be A*, the dual Steenrod algebra over an odd prime p. Let 2 Ž . Ž H be P the sub-Hopf algebra of A* generated by . It is known see 
